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Introduction
Let D be an integral domain with quotient field K, S a saturated multiplicative subset of D, and N(S) = {0 = x ∈ D|(x, s) v = D for all s ∈ S}. Then S is called a splitting set if each 0 = d ∈ D may be written as d = sa for some s ∈ S and a ∈ N(S). Following [5] , we say that S is a t-splitting set if for each 0 = d ∈ D, dD = (AB) t for some integral ideals A and B of D, where A t ∩ sD = sA t for all s ∈ S and B t ∩ S = ∅. It is easy to see that a splitting set is a t-splitting set, but a t-splitting set need not be a splitting set (see Proposition 2.7). (This is equivalent to the fact that d n = st for some s ∈ S and t ∈ N(S); see Lemma 2.2.) This type of multiplicative sets was introduced by Dumitrescu et al. [19] to study when A + XB [X] is an integrally closed AGCD-domain, where B is an overring of A and X is an indeterminate over B. (Recall that an integral domain D is an almost GCD-domain (AGCDdomain) if for every a, b ∈ D, there is an integer n = n(a, b) 1 such that a n D ∩ b n D is principal.) As in [6] , we say that a saturated multiplicative subset S of D is an almost splitting set if for each 0 = d ∈ D, there is an integer n = n(d) 1 such that d n = st for some s ∈ S and t ∈ N(S). The purpose of this paper is to study almost splitting sets and determine when the subring A + X 2 [5, p. 15] . A t-splitting set was introduced in [5] 
and Theorem 4.3]. A t-splitting set S of D is a t-complemented t-splitting set if D T = D T for some multiplicative subset T of D, and the saturation of T is called the t-complement of S. It is known, and easily proved, that if S is a t-complemented t-splitting set, then N(S) is the t-complement of S and N(S) is also a t-complemented tsplitting set with t-complement N(N(S))=S, the saturation of S in D

to show that D (S) = D + XD S [X] is a PVMD if and only if D is a PVMD and S is a t-splitting set of D. (Recall that D is a Prüfer v-multiplication domain (PVMD) if every finite type v-ideal of D is t-invertible.)
In Section 2, we study almost splitting sets. In particular, we show that an almost splitting set is a t-complemented t-splitting set and that if S is an almost splitting set of D, then Cl(D) is torsion if and only if Cl(D S ) and Cl(D N(S) ) are both torsion. We also give an example of a t-complemented t-splitting set S of D which is not an almost splitting set such that both −1 , and I t =∪{(a 1 , . . . , a n ) v |(0) = (a 1 , . . . , a n ) ⊆ I }. We say that I is a divisorial ideal or v-ideal (resp., t-ideal) if I = I v (resp., I = I t ), while I v is a finite type v-ideal if I v = (a 1 , . . . , a n ) v for some (0) = (a 1 , . . . , a n ) ⊆ I . Let t-Max(D) be the set of ideals maximal among proper integral t-ideals of D. It is well known that
, and (iv) every prime ideal minimal over a t-ideal is a t-ideal, in particular, every height-one prime ideal is a t-ideal.
A nonzero fractional ideal I of D is said to be t-invertible if (I I −1 ) t = D. It is well known that the set T (D) of t-invertible fractional t-ideals of D is an abelian group under the t-multiplication I * J = (I J ) t . Let Prin(D) be its subgroup of nonzero principal fractional ideals. We recall that as in [14, 15] , the (t-)class group of D is the quotient group
is just the divisor class group (see [21] ). Many researchers have studied the class group of integral domains; for example, see [3, [7] [8] [9] 13, 15, 20, 22] .
Let S be a multiplicative subset of D. Then the set N(S) = {0 = t ∈ D|(s, t) v = D for all s ∈ S} is a saturated multiplicative subset of D called the m-complement of S. It is clear that S ∩ N(S) ⊆ U(D) (equality holds if S is saturated) and that S is a splitting set if and only if S is saturated and SN (S) = D\{0}. The reader is referred to [2, 6, 10] for the m-complement of a multiplicative set, to [2, 3, 5, 10, 16, 18] for splitting or t-splitting sets, and to [8, 11, 12] for integral domains of the form A + X 2 B[X]. Any undefined concepts or notation are standard as in [23, 26] .
Almost splitting sets
We begin this section with the following well-known results. The reader may consult [25] or Zafrullah's survey article [28] for the t-operation. 
The following lemma is the almost splitting set analog which appears in [6, Proposition 2.7] . We recall it for easy reference of the reader.
Lemma 2.2. Let S be a saturated multiplicative subset of an integral domain D. Then S is an almost splitting set if and only if for each
Our first result shows that an almost splitting set is a t-complemented t-splitting set. Hence "splitting set ⇒ almost splitting set ⇒ t-complemented t-splitting set ⇒ t-splitting set". However, the converse implications do not hold; for example, see 
We next show that S is t-complemented.
Corollary 2.4. Let D be an integral domain with Cl(D) torsion, and let S be a saturated multiplicative subset of D. Then S is an almost splitting set if and only if S is a t-splitting set.
Proof. Assume that S is a t-splitting set, and let 0 = d ∈ D. Then dD = (AB) t for some t-invertible integral ideals A and B of D such that A t ∩sD =sA t for all s ∈ S and B t ∩S = ∅. 
Proposition 2.6. Let D be an integrally closed domain and X an indeterminate over D. Then D\{0} is an almost splitting set in D[X] if and only if D is an AGCD-domain.
Proof. Recall that an integrally closed domain D is an AGCD-domain if and only if D is a PVMD with Cl(D) torsion [27, Corollary 3.8 and Theorem 3.9].
(⇒) Suppose that D\{0} is an almost splitting set in D [X] ,
Thus D\{0} is an almost splitting set.
We next give an example of a t-complemented t-splitting set which is not an almost splitting set. 
(1) This is clear.
(2) We first show that S is a t-splitting set. To do this, it suffices to show that for each
Hence if I is of finite type, then I is t-invertible by Lemma 2.1 (4) 
(3) (⇒) Assume that S is an almost splitting set, and let
, and since S is an almost splitting set, there is an integer n = n(f )
and integer m 0, and hence
Thus by Lemma 2.2, S is an almost splitting set.
(
is not principal, and thus S is not a splitting set [3, Theorem 2.2]. 
.}. Let I be a nonzero integral ideal of D[X] such that I D[X] S ∩ D[X] = I . Then I is a t-ideal of D[X] if and only if
Proof. Let T = {uX n |u ∈ U(D) and n = 0, 1, 2, . . .}, and note that 
While we cannot generalize the nice property of splitting sets for the class group to almost splitting sets, we have the following useful result for the class group of almost splitting sets.
Theorem 2.10. Let D be an integral domain, S an almost splitting set of D, and N(S)={0
( I = (a 1 , . . . , a k ) v . Then there is an integer n 1 such that a n i = s i t i for some s i ∈ S and t i ∈ N(S). Since I is t-invertible, (I n ) t = (a n 1 , . . . , a n k ) v = (s 1 t 1 
1) If I is a t-invertible integral t-ideal of D, then there is an integer n 1 such that
(I n ) t = ((S 1 )(N 1 )) t = (S 1 ) t ∩ (N 1 ) t for some ∅ = S 1 ⊆ S and ∅ = N 1 ⊆ N(S).
Proof. (1) Let
) + (t 1 , . . . , t k )) v = D.(2
) (⇒) Recall that almost splitting sets are t-complemented t-splitting sets (Proposition 2.3); hence the map : Cl(D) → Cl(D S )⊕Cl(D N(S) ), given by [I ] → ([I D S ], [I D N(S) ]), is surjective [5, Remark 4.13]. Thus if Cl(D) is torsion, then Cl(D S ) ⊕ Cl(D N(S) ), and hence both Cl(D S ) and Cl(D N(S) ), are torsion. (⇐) Assume that Cl(D S ) and Cl(D N(S) ) are both torsion, and let I be a t-invertible integral t-ideal of D. Then I D S and I D N(S) are t-invertible, and thus there exists an integer n 1 such that ((I D S ) n ) t = (I n ) t D S = aD S and ((I D N(S) ) n ) t = (I n ) t D N(S) = bD S for some a, b ∈ D (see Lemma 2.1(1) for the equalities). Since (I n ) t is a t-invertible t-ideal
and S is an almost splitting set, by (1) we can choose another integer m 1 such that N(S), s, s ∈ S, and t, t ∈ N(S) . Also, since I is t-invertible, by Lemma 2.1(1) For more on weakly Krull domains and AWFD's, see [4, 12] .
) is not torsion if and only if char (K)=0, if and only if S is not an almost splitting set (cf. Proposition 2.7(3) and Theorem 2.10(2)). For example, if D=Z is the ring of integers, then Cl(Z[X
2 , X 3 ] N(S) )=Cl(Z[X 2 , X 3 ] S )=0 but Cl(Z[X 2 , X 3 ])=Q
Corollary 2.12. Let S be an almost splitting set of an integral domain D and N(S)
= {0 = x ∈ D|(x, s) v = D for all s ∈ S}.
(1) D is an AGCD-domain if and only if D S and D N(S) are AGCD-domains. (2) D is weakly Krull if and only if D S and D N(S) are weakly Krull. (3) D is an AWFD if and only if D S and D N(S) are AWFDs.
Proof. (1) Assume that both D S and D N(S) are AGCD-domains, and let 0 = a, b ∈ D.
Then as S is an almost splitting set, there is an integer n 1 such that a n = s 1 t 1 and b n = s 2 t 2 for some s i ∈ S and 
Lemma 3.1. Let B be an overring of an integral domain A, X an indeterminate over A, R = A + XB[X], D = A + X 2 B[X], and Q a nonzero prime ideal of R. Then Q is a maximal t-ideal of R if and only if Q ∩ D is a maximal t-ideal of D. In particular, R is t-linked over D, and R is of finite t-character if and only if D is of finite t-character.
Proof. Recall that the map
Let K be the quotient field of A, Q a nonzero prime ideal of R, P =Q∩D, and S ={X n |n= 0, 2, 3, . . .}. Note that Q∩A=P ∩A; Q∩S=∅ ⇔ P ∩S=∅; R S =B[X, and (I, a) is finitely generated. Replacing I with (I, a) , we may assume that
Assume that Q or P is a maximal t-ideal.
Then (P B[X] S ) t = (QB[X] S ) t B[X] S by the above paragraph, and hence P B[X] S = (P B[X] S ) t = (QB[X] S ) t = QB[X] S (cf. Lemma 2.1(3)). Thus Q = QB[X] S ∩ R and P = P B[X] S ∩ D are t-ideals by Lemma 2.1(3).
Case 3: 
,where J 0 = {g(0)|g ∈ J }. Assume that Q is a t-ideal of R, and let J be a finitely generated subideal of P. Note that X 2 ∈ P and J ⊆ (J, a, X 2 ) ⊆ P for any 0 = a ∈ A ∩ Q. So replacing J with (J, a, X 2 ), we may assume that J ∩ A = (0) and X 2 ∈ J . By (# 1 ) and
Since Q is a t-ideal and JR is a finitely generated subideal of Q,
We next assume that P is a t-ideal, and let I be a finitely generated subideal of Q. As in the above paragraph, we may assume that I ∩A = (0) and X 2 ∈ I . Let I 0 ={f (0)|f ∈ I }. Then I 0 = (0) and I 0 is a finitely generated subideal of Q ∩ A because I is finitely generated and XB[X] ⊆ Q. Note that (I 0 , X 2 )D is a finitely generated subideal of P such that
Since P is a t-ideal, (I
This shows that Q is a t-ideal.
Let A ⊆ B be an extension of integral domains. Then B is said to be a root extension of A if for each x ∈ B, x n ∈ A for some integer n 1. 
Proof. (⇒) Assume that R is an AGCD-domain and char (A)
Case 1: f (0) = 0 and g(0) = 0. Since R is an AGCD-domain, there is an integer n = n(f, g) 1 such that f n R ∩ g n R = hR for some h ∈ R. Note that f n (0) = 0, g n (0) = 0, and char A = p; hence h(0) = 0 and Note that R is an AGCD-domain and that for any integer k 1, if f k R ∩ g k R is principal, then f nk R∩g nk R is also principal [27, Lemma 3.6 ]. So we may assume that f n R∩g n R=bR for some b ∈ R. Since X nm h ∈ f n R ∩ g n R, we have X nm h = bc for some c ∈ R. Also, since b ∈ f n R ∩ g n 1 R = hR, we have b = hd for some d ∈ R. Hence X nm h = hdc, and so X nm = dc. Finally, since b ∈ g n R, we have b = g n r = X nm g n 1 r for some r ∈ R, and so h = g n 1 rc. Hence c ∈ U (A) as h(0) = 0, and thus f n R ∩ g n R = X nm hR. In [19] , the authors studied integrally closed AGCD-domain of finite t-character of the form A+XB [X] and constructed non-integrally closed AGCD-domains of finite t-character using local algebraic techniques. The following corollary gives many simple examples of non-integrally closed AGCD-domains of finite t-character. 
Thus by Case
2, f n 1 D ∩ (X m−k g 1 ) n D = hD for some integer n 1 and h ∈ D. Hence f n D ∩ g n D = (X k f 1 ) n D ∩ (X m g 1 ) n D = X nk (f n 1 D ∩ (X m−k g 1 ) n D) = X= D Q . Next assume that Q ∩ S =∅. Note that f D S ⊆ (f, 1 − X 2 ) v D S ⊆ ((f, 1 − X 2 ) v D S ) v = ((f, 1 − X 2 )D S ) v = (f D S ) v = f D
